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ABSTRACT

We develop a permanent-transitory earnings process in which perma-
nent shocks depend on a latent firm type and workers” exposure to
firm types is persistent. Persistence can substantially slow the finite-
horizon attenuation of earnings skewness and excess kurtosis over the
life cycle relative to an iid mixture benchmark. We estimate the model
from matched employer-employee data, first grouping firms based on
the distribution of residual earnings changes and then using worker
transitions across groups to estimate persistence. Finnish data reveal
heterogeneity in permanent-shock variances and persistent exposure to
firm groups. Although skewness and excess kurtosis are not targeted in
estimation, over ages 35-50 the extended model accounts for 49 percent
of average empirical skewness and 39 percent of average excess kurto-
sis, compared with 4 percent and 3 percent under the iid benchmark.
Quantitative exercises show that persistence increases the life-cycle cost
of earnings risk and affects saving behavior.
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1 Introduction

Accounting for individual earnings risk is a fundamental part of quantitative
macroeconomics with heterogeneous agents. In settings with incomplete credit
and insurance markets, idiosyncratic income risk crucially influences life-cycle de-
cisions related to consumption, saving, and labor supply. As a result, a permanent-
transitory earnings decomposition is often specified and used as an input in quan-
titative analyses.! A common specification assumes Gaussian permanent and tran-
sitory shocks, yielding what we refer to as the standard Gaussian benchmark.
However, a growing body of evidence highlights significant non-Gaussian and
nonlinear features in earnings data (Arellano et al., 2017; Guvenen et al., 2021;
Halvorsen et al., 2024).2 These empirical findings have motivated earnings decom-
positions that are flexible enough to capture observed non-Gaussian features while
remaining sufficiently restricted for quantitative analysis. The specifications of the
Gaussian mixture provide a flexible way to allow earnings innovations to exhibit
skewness and excess kurtosis (Guvenen et al., 2021).

Our starting point is an empirical regularity: deviations from Gaussianity con-
cern not only one-year earnings growth, but also log income levels and longer-
horizon earnings changes. Evidence from the United States and Denmark doc-
uments skewness and excess kurtosis in level distributions, while US and Nor-
wegian data show that these features remain pronounced in five-year earnings
changes.®> Under an iid-shock specification, non-Gaussian one-period permanent
shocks do not prevent skewness and excess kurtosis of the permanent component
from being attenuated over time. The reason is that the permanent component
is, by construction, a sum of past permanent shocks. Consequently, under an iid
shock process, its standardized higher moments converge toward zero as the num-

ber of working years increases.

1See Lillard and Willis (1978) and MaCurdy (1982) for foundational approaches; see also Blun-
dell et al. (2015), Crawley et al. (2026), Gustafsson and Holmberg (2023), and Kaéssi (2014) for appli-
cations using Nordic administrative data.

2See also Druedahl and Munk-Nielsen (2020) and Geweke and Keane (2000).

3For log earnings levels, see Lillard and Willis (1978, p. 1000) and Geweke and Keane (2006); for
Danish income levels and growth, see Druedahl and Munk-Nielsen (2020). For five-year earnings
changes, see Guvenen et al. (2021) and Halvorsen et al. (2024). Guvenen et al. (2021) also report
non-Gaussian changes between consecutive five-year earnings averages.



We develop a permanent-transitory earnings process in which the distribution
of permanent shocks depends on the type of firm or employment environment to
which the worker is exposed. This modeling choice is consistent with matched
employer-employee evidence that firm shocks, firm pay policies, and sorting
shape wage dynamics in Nordic labor markets.* Some firm environments may be
associated with relatively small and stable permanent earnings gains, while others
may offer larger but riskier gains over time. Because workers can remain in similar
tirm environments over multiple years, their exposure to firm types may be per-
sistent rather than independently redrawn each year. We model this persistence
using a finite-state Markov chain. The iid mixture benchmark is nested as the spe-
cial case in which workers” exposure to firm types is independently redrawn over
time. This nesting allows us to separate the effect of persistence from the effect of
the one-period mixture distribution.

We characterize the variance, skewness, and excess kurtosis of the permanent
component implied by the extended model. For any fixed positive degree of state
switching, skewness and excess kurtosis still converge to zero at the same rates
as in the iid mixture benchmark. Persistence can nevertheless substantially alter
their finite-horizon paths and weaken their attenuation over economically rele-
vant work-life horizons. In particular, persistent exposure to heterogeneous firm
types can keep non-Gaussian features quantitatively important for much longer
than under iid assignment and, under some parameter configurations, can amplify
skewness and excess kurtosis relative to the iid mixture benchmark. Thus, the one-
period mixture distribution determines the non-Gaussianity of permanent shocks,
while persistence in firm-type exposure determines how the resulting skewness
and excess kurtosis accumulate and attenuate over the life cycle.

Empirically, the framework exploits matched employer-employee data in two
distinct ways. Employer identifiers allow us to estimate firm groups from differ-
ences in the distribution of residual earnings changes experienced by their work-

ers. These groups serve as empirical proxies for the latent firm types. Worker

4See Balke and Lamadon (2022), Friedrich et al. (2019), and Maibom and Vejlin (2021) on the
transmission of firm shocks to earnings, Engbom et al. (2023) on changing firm pay policies, and
Bagger and Lentz (2019) and Lentz et al. (2023) on worker—firm sorting and wage dispersion.



transitions across the estimated groups then provide a direct estimate of the per-
sistence of firm-type exposure, while the remaining income-process parameters are
estimated from the first and second moments of residual earnings changes. Skew-
ness and excess kurtosis are not targeted in estimation, so their model-implied
life-cycle paths provide an untargeted check on the mechanism.

Applying the approach to Finnish administrative employer-employee data, we
find heterogeneity in permanent earnings risk across firm groups and persistence
in firm-type exposure. The estimated firm groups differ substantially in the vari-
ance of permanent shocks, whereas differences in their mean permanent shocks are
comparatively small. The estimated transition probabilities indicate that individu-
als move across firm groups infrequently. Residual log earnings in the Finnish data
also display pronounced skewness and excess kurtosis, consistent with related evi-
dence from Denmark, Norway, the Netherlands, and the United States.” Over ages
35-50, the estimated extended model accounts for 49 percent of average empiri-
cal skewness and 39 percent of average empirical excess kurtosis, compared with
4 percent and 3 percent under the iid mixture benchmark. Thus, with the same
one-period permanent-shock mixture, persistent firm-type exposure accounts for
a quantitatively meaningful part of the observed higher moments.

Holding the one-period permanent-shock mixture fixed, persistence in firm-
type exposure materially increases the life-cycle cost of earnings risk. Persis-
tence also affects saving behavior and the upper tail of the financial-wealth dis-
tribution. We assess these implications in two quantitative exercises.® First, we
compute an exact mean-preserving life-cycle risk premium under the alternative
income-process specifications. Second, we solve a finite-horizon consumption—
saving problem with a borrowing constraint. Both exercises compare the extended
model with the iid mixture benchmark, thereby isolating the effect of persistence
in firm-type exposure. The results show that persistence accounts for much of the

additional economic impact of firm heterogeneity.

5Druedahl and Munk-Nielsen (2020), Halvorsen et al. (2024), De Nardi et al. (2021), and Guve-
nen et al. (2021).

®Related work studies the implications of nonlinear and non-Gaussian earnings risk for con-
sumption insurance and welfare; see De Nardi et al. (2020), Guvenen et al. (2024), and Ghosh and
Theloudis (2025).



Our approach complements recent research on non-Gaussian earnings dynam-
ics. Guvenen et al. (2021) use a rich mixture specification to model substantial
deviations from log-normality, Arellano et al. (2017) use a quantile-based panel-
data framework to show how persistence and skewness vary across the income
distribution, and Druedahl and Munk-Nielsen (2020) use linked regression trees
to characterize non-Gaussian earnings dynamics. Related work emphasizes the
difficulty of distinguishing latent heterogeneity in expected earnings growth from
persistence in earnings shocks (Drewianka and Oberg (2025), Guvenen (2009), and
Hryshko (2012)). We study a different source of latent heterogeneity: firm-type-
specific permanent-shock distributions. Matched employer-employee data allow
us to distinguish heterogeneity in the one-period permanent-shock distribution
from persistence in workers” exposure to that heterogeneity, while retaining the
tractability of moment-based income-process estimation. More broadly, the frame-
work provides a basis for studying how changes in worker mobility across em-

ployers affect the persistence and economic consequences of earnings risk.

2 Income Process and the Iid Mixture Benchmark

This section develops the iid mixture benchmark that serves as the starting point for
the extended model. We begin with a standard permanent-transitory decomposi-
tion of residual log earnings and its Gaussian-shock special case, which we refer to
as the standard Gaussian benchmark. Under this specification, residual earnings are
Gaussian at every horizon, in contrast to empirical evidence of substantial non-
Gaussian features, including nonzero skewness and excess kurtosis over the life
cycle. To allow non-Gaussian one-period permanent shocks, we model permanent
shocks as iid draws from a finite mixture distribution. The resulting iid mixture
benchmark clarifies what non-Gaussian iid shocks can and cannot explain. The
extended model nests this benchmark by preserving the same one-period mixture

distribution while allowing workers” exposure to firm types to persist over time.



2.1 The Standard Income Decomposition

Let 7}, , denote the log income of an individual i, with h = 1,2, ..., H years of work

experience in year t. We assume
é]liz,t = ap + 0 + yi,t 1)

where «y, is a fixed effect specific to work experience h, and ¢, is a fixed effect
specific to year t. Both fixed effects are common to all individuals. We seek to
model the residual log income y}, ,, which is the source of individual income risk. In
the models considered below, the stochastic process for y}, , depends only on work
experience h and is common across individuals and calendar years. We therefore
write y, for yj,,.

We assume the stylized decomposition

Yn = Pr + 2n, (2)

where pj, is the permanent component and zj, the transitory component of residual log

earnings. We model the permanent component as a random walk,

h
Pn = Zésa Po = 07
s=1

where {¢,} is a sequence of iid permanent shocks with mean zero and variance o7.
We further assume that the transitory component is strictly stationary and specify
it as the MA(1) process

zp, = ep + Osp_1, 3)

where {e;,} is a sequence of iid transitory shocks with mean zero and variance o2.
The permanent and transitory shock sequences are mutually independent.

The earnings decomposition defined above is a common building block of
macroeconomic models with incomplete markets and uninsurable idiosyncratic
income risk. It is customary to further specify that both &, and ¢ are Gaussian,

yielding the standard Gaussian benchmark. Under this benchmark, residual log



earnings are Gaussian at every horizon: the variance of y;, increases linearly in
work experience, while skewness and excess kurtosis are zero. These implications
are difficult to reconcile with the data. Recent studies show that both one-year and
longer-horizon earnings changes display substantial skewness and excess kurto-
sis. This suggests extending the standard Gaussian benchmark to allow perma-
nent shocks to depart from Gaussianity. Before doing so, we characterize how
the moments of the permanent and transitory components map into the variance,

skewness, and excess kurtosis of residual log earnings.

2.2 Moments of Residual Earnings

Let
E(y;)
[o2(h)] 3/2

Y

oy(h) = E(yy),  w(h) =

denote the variance, standardized skewness, and excess kurtosis of residual log
earnings, respectively, recalling that £(y,) = 0. Denote the corresponding mo-
ments of the permanent component by o2 (h), 7,(h), and x,(h). Since the transitory
component is strictly stationary, we write its corresponding moments without an

h-index as o2, 7,, and k..

We have
(k) = (k) + o @
() = (jEZ;)/ i) + (Ugfh))w o ®)
-G ()

These expressions show that the contributions of the permanent and transitory
components to the standardized higher moments are governed by their variance
shares.

Since {} is iid, we have

o2(h) = hoy. ()

p

Hence the variance share of the transitory component in (5) and (6) declines with

h. Consequently, non-Gaussianity in the transitory component can only matter



at very short horizons. Persistent non-Gaussian features of residual log earnings
over the life cycle must be accounted for primarily through the behavior of the
permanent component. This motivates the iid mixture benchmark for permanent

shocks introduced in the next section.

2.3 The Ilid Mixture Benchmark for Permanent Shocks

A natural way to move beyond the standard Gaussian benchmark is to allow per-
manent shocks to be drawn from a mixture distribution. Previous work has used
Gaussian mixtures as flexible statistical specifications for non-Gaussian income
shocks (see Guvenen et al. (2021)). Our iid mixture benchmark allows for K la-
tent states and state-specific distributions that need not be Gaussian. Although the
benchmark is statistical in construction, its state structure can also be given an eco-
nomic interpretation: the latent states correspond to firm types that differ in the
distribution of permanent shocks they generate.

Accordingly, assume that the one-period permanent shock ¢, is generated by a

mixture of K type-specific distributions. We can write

K
&= arnrn- (8)
h=1

Here, &5, is an iid draw from type k in work year h, and a;;, € {0,1} indicates

whether type k£ governs the permanent shock in that year. We have

]~

K
Qi.h = 1, T = Pr(ahh = 1), Zﬂ'k =1.
k=1 k=1

In the iid mixture benchmark, the latent state is independently redrawn over time,
so the vector (ay p, ..., ax ) is iid over h.

Let

i = E(&kn), op = var(&p), my = E(&p — )?, my = E(&p — ),

fork=1,... K.



To preserve E(&,) = 0, we impose the restriction

K
Z T = 0. )
k=1

This restriction is no loss in generality and can be accounted for by adjusting the
fixed effects in (1).

The variance of the one-period permanent shock decomposes as

of = Ui + 02 (10)
where

K

or = i, (11)
k=1
K

ol = Z TRO%. (12)
k=1

The term o7, is the between-firm-type variance and reflects differences in average
permanent shocks across firm types. The term o2 is the within-firm-type variance
and reflects shock dispersion within a given firm type.
Under (9), the skewness and excess kurtosis of £, are
K
e Tk (R A+ 3o + mi)

Ye 3
O¢

and
_ iy e (i + 642307 + dpgmi} + mi)

4
O¢

/ig - 3.

These expressions show how mixture heterogeneity can generate non-Gaussian
permanent shocks. A mixture can generate skewness in the one-period permanent
shock even when the type-specific distributions themselves are symmetric, so that
mj = 0. Even when all type-specific distributions are Gaussian and hence have
zero excess kurtosis (m; = 307), the mixture can generate nonzero excess kurtosis
in the one-period permanent shock.

Allowing permanent shocks to follow a mixture distribution does not, how-



ever, prevent the higher moments of the permanent component from attenuating

as shocks accumulate. In the iid mixture benchmark, p;, is a sum of iid shocks, so

() = 25 ky(h) =

Thus, even when the one-period permanent shock has nonzero skewness and ex-
cess kurtosis, these features become progressively attenuated in the permanent
component as the horizon increases. Together with the mapping in Section 2.2,
this implies that a non-Gaussian one-period mixture distribution does not by itself
generate persistent non-Gaussian features in residual earnings over the life cycle.
The next section examines whether persistence in the latent state can slow this at-
tenuation over economically relevant career horizons while preserving the same

one-period mixture distribution.

3 Markov Persistence and Life-Cycle Earnings Mo-

ments

The previous section showed that moving from the standard Gaussian bench-
mark to the iid mixture benchmark allows for non-Gaussian one-period permanent
shocks, but does not prevent the higher moments of the permanent component
from attenuating as shocks accumulate. This section extends the iid mixture bench-
mark by allowing the latent state governing the permanent-shock distribution to
evolve persistently over time while preserving the same marginal mixture distri-
bution. We analyze how persistence in the latent state changes the finite-horizon
life-cycle paths of the variance, skewness, and excess kurtosis of the permanent

component.

3.1 From the Iid Mixture Benchmark to Persistent Firm-Type Ex-

posure

The economic motivation for our model extension is that average earnings growth

and the associated risks can vary significantly across employers. Some firms pro-



vide supportive environments for accumulating human capital, while others offer
more limited opportunities for skill development. Earnings-growth risk can also
depend on the nature of the business. For example, start-ups may offer greater
potential for upward income mobility than a local grocery store, but this potential
is likely to come with greater uncertainty. We attribute these differences to latent
firm types.

Workers often remain with the same employer for several years, and changing
employers need not imply moving to a different firm type. Consequently, workers
may remain exposed to similar firm environments over substantial parts of their
careers.

This persistence matters because the permanent component accumulates
shocks over the life cycle. Under the iid mixture benchmark, skewness and ex-
cess kurtosis attenuate as independent shocks accumulate. Persistent firm-type
exposure changes how permanent shocks accumulate and can substantially slow
the finite-horizon attenuation of skewness and excess kurtosis.

Persistence can also affect household decisions because current firm-type ex-
posure provides information about the distribution of future earnings shocks. Em-
pirically, matched employer-employee data allow us to estimate firm groups as
proxies for latent firm types and use worker transitions across these groups to
estimate persistence in firm-type exposure. We implement this approach using

Finnish administrative employer-employee data in Section 5.

3.2 The Markov Extension

Let k, € {1,2,..., K} denote the latent state governing the permanent shock in
work year h. This is the index version of the latent state indicator defined in Section
2.3, 50 ay, = I(k, = k). We assume k), is governed by the first-order Markov

process with the transition probabilities

Prlkn = | kna = i) = (1= Q)1 = )+ 6m;,  inje{l...K}.  (13)

10



where ¢, 7, k = 1, ..., K, meet the conditions ¢ € (0,1], 7 € (0,1), k= 1,..., K, and
Z?:l m =L

Under this Markov process, kj, has stationary distribution Pr(k, = k) = =y,
k =1,..., K. Thus, the Markov extension preserves the stationary marginal prob-
abilities of the iid mixture benchmark, and the one-period mixture distribution of
& is unchanged. The new element is serial dependence in the latent state. The
parameter ¢ has a simple interpretation: with probability ¢, the next period’s la-
tent state is drawn from its stationary distribution, and with probability 1 — ¢, the
latent state remains unchanged. Hence, ¢ determines the degree of persistence in
ky,. Persistence is stronger when ¢ is smaller. When ¢ = 1, the latent state is iid

over time and the model reduces to the iid mixture benchmark.

3.3 A Two-Type Gaussian Benchmark

To keep the moment expressions transparent, we specialize the Markov extension
in two ways: we set K = 2 and assume Gaussian type-specific shock distributions,
yielding the two-type Gaussian benchmark. These restrictions are imposed for ana-
lytical convenience and are not essential to the persistence mechanism. Appendix
A derives the corresponding moment expressions while allowing the type-specific
distributions to be non-Gaussian.

Let K = 2 and write a;, = a4 3, so that

& =aplin + (1 —ap) &op

Furthermore, let 7 = 7 so that 7y = 1 — 7. The transition probabilities in (13) can

be written as
Pr(apy = jlan=1)=(1—-¢)I(i=j)+¢(2r—1)j+1—m), i,j € {01}
The restriction in (9) becomes

mpy + (1 —m)pe =0

11



We order the types so that p; < 0 < po. When 11y < g, we refer to type 1 as the
low-return firm type and type 2 as the high-return firm type.

In this benchmark, the type-specific shock distributions have zero skewness
and excess kurtosis. This allows us to isolate how persistence in the latent state
affects the higher moments generated by the accumulation of permanent shocks.
When ¢ = 1, the latent state is iid over time and the model reduces to the iid

mixture benchmark with two Gaussian type-specific shock distributions.

3.4 The Moments of the Permanent Component

This subsection characterizes the life-cycle moments of the permanent component
in the two-type Gaussian benchmark. The purpose is to isolate how persistence
in the latent state affects these moments as permanent shocks accumulate, hold-
ing fixed the one-period mixture distribution. We focus on the variance, skewness,
and excess kurtosis of the permanent component. The complete moment expres-
sions are algebraically cumbersome, so the main text reports the results that clarify
the role of persistence, while Appendix A provides the full derivations and allows
the type-specific distributions to be non-Gaussian. The variance results do not
depend on Gaussian type-specific distributions. For skewness and excess kurto-
sis, the Gaussian restriction removes type-specific skewness and excess kurtosis,
allowing the effects of mixture heterogeneity and persistence to be distinguished.
We use two complementary limiting arguments to characterize the behavior of
the moments. First, we examine the large-h behavior for fixed ¢ > 0. In this case,
dependence in the latent state decays geometrically with the lag, and skewness and
excess kurtosis vanish asymptotically, although persistence affects their rates and
coefficients. Second, we hold h fixed and consider the strong-persistence limit ¢ —
0*. This limit characterizes finite-horizon behavior when exposure to a firm type
is highly persistent. The two calculations therefore address different questions:
the first describes asymptotic behavior for any fixed degree of persistence, while
the second shows how strong persistence can keep higher moments quantitatively

important over economically relevant career horizons.

12



3.4.1 Variance

We have
o2(h) = ho? + 2x(1 — ) (1 — p2)*Dya(9), (14)

where

>

-1

Diu(¢) = ) (h—j)(1— o).

1

<.
I

The first term in (14), hag, is the sum of the one-period shock variances. We refer
to it as the sum-of-variances term. The second term collects the serial covariances
between permanent shocks induced by persistence in the latent state, and we refer
to it as the serial-covariance term. When ¢ = 1, Dy ,(¢) = 0, so the serial-covariance
term vanishes and (14) reduces to the variance under the iid mixture benchmark
in (7).

The serial-covariance term is proportional to (1 — u2)?. Hence persistence af-
fects the variance through covariance between permanent shocks only when the
type-specific means differ. Differences in type-specific variances enter the one-
period variance o7 (see (10)) and therefore affect the sum-of-variances term, but
not the serial-covariance term.

For 0 < ¢ < 1, Dy,(¢) is positive for b > 1 and increases as the latent state
becomes more persistent, that is, as ¢ approaches zero. Thus, whenever the type-
specific means differ, the serial-covariance term is positive. As a result, o7.(h) ex-
ceeds the variance under the iid mixture benchmark, and the gap between the
two increases with h. This difference is nonlinear at finite horizons. For any fixed
0 < ¢ < 1, however, the marginal increase in D, ;(¢) converges to (1 — ¢)/¢ as
h — oo. The serial-covariance term therefore becomes asymptotically linear in £,
so the gap relative to the iid mixture benchmark continues to widen but eventually
does so at a constant rate.

The serial-covariance term can grow approximately quadratically over empiri-
cally relevant horizons when firm-type exposure is highly persistent and the type-

specific means differ. To see this, consider the strong-persistence limit at a fixed

13



horizon. For fixed h,

h(h—1)

5 +0@), 90", (15)

Dy y(0) =

Thus, under very strong persistence, the serial-covariance term is approximately
proportional to h(h — 1) and hence grows approximately quadratically with h,

whereas the sum-of-variances term grows linearly.

3.4.2 Skewness

The object of interest is 7, (h), the skewness of the permanent component pj,. In the
two-type Gaussian benchmark, the type-specific shock distributions themselves
have zero skewness, so any skewness of the permanent component must arise
from heterogeneity across firm types. As the expressions below show, differences
in type-specific means are necessary for nonzero skewness, while differences in
type-specific variances and unequal type probabilities shape its magnitude and
sign. Persistence then determines how these sources of skewness accumulate over
the horizon.

Persistence does not prevent skewness from vanishing asymptotically. For any
fixed ¢ > 0, the serial dependence induced by the latent state decays geometrically
with the lag and is therefore short-range, so v,(h) still converges to zero as the
number of accumulated shocks grows. Persistence can nevertheless substantially
alter the finite-horizon path of skewness. By making successive permanent shocks
more likely to be drawn from the same type-specific distribution, stronger persis-
tence can slow attenuation relative to the iid mixture benchmark and, for some
parameter configurations, increase the absolute magnitude of skewness. The ef-
fect of stronger persistence on skewness is not generally monotone, however, and
persistence can also change its sign.

Consider first the large-h expansion for fixed ¢ > 0:

() = %soow) LOW ) 1 O((L- @), h— oo,

where S, (¢) determines the magnitude and sign of the leading large-h skewness

14



term. Its explicit expression is given in Appendix A. When ¢ = 1, the latent state

is iid over time and

Seo(1) = e Yp(h) =

Sl

exactly. For ¢ < 1, Sy (¢) generally differs from ~,. Persistence affects both the
third moment and the variance of the permanent component through serial de-
pendence. As shown in Appendix A, the additional terms depend on interactions
between type-specific mean and variance differences and on asymmetry in type
probabilities. These effects can reinforce or offset the one-period skewness, so there
is no general monotone relationship between S, (¢) and 7¢, and the two need not
have the same sign. Thus, although persistence does not change the h~/2 asymp-
totic rate for fixed ¢ > 0, it can substantially increase the absolute magnitude of
the leading term relative to the iid value 7. In such cases, skewness attenuates
much more slowly over economically relevant horizons than under the iid mix-
ture benchmark.

An informative limiting case shows how far S, (¢) can depart from its iid value
7e. Taking ¢ — 0T after forming the large-h expansion, and assuming y; < 0 < po

and 7 # 1/2, we obtain

o6m — 3 1

B V27(1 —W)ﬁ

Thus, the absolute magnitude of S, (¢) grows at rate ¢~

Seo() +0(/9¢), ¢— 0"

1/2 as persistence be-
comes strong, while its sign is determined by 27 — 1. In this sequential limit, the
term involving unequal type probabilities dominates the contributions from the
one-period third moment and from differences in type-specific variances. Conse-
quently, the leading behavior of S, (¢) is determined by the stationary type prob-
abilities rather than by the iid one-period skewness ¢, and the two need not have
the same sign.

When 7 = 1/2, the behavior of S (¢) as ¢ — 07 is qualitatively different.
Under the mean-zero restriction, equal type probabilities imply p; = —p9, so the
two types are equally likely and have opposite mean permanent shocks. If the

type-specific variances are also equal, the two Gaussian shock distributions are

15



mirror images of one another and skewness is zero. When the variances differ, this
symmetry is broken, but the remaining mean-variance contribution is of lower

order:

Sw(¢) =0(V0), ¢ — 0",

SO Se(¢) — 0. Intuitively, in the sequential limit considered here, the accumulated
type-specific means separate linearly with the horizon, while within-type disper-
sion grows more slowly. Equal probability on the two opposite mean paths there-
fore makes the leading long-horizon distribution symmetric, even when differ-
ences in type-specific variances generate skewness at finite horizons. These results
concern the leading term of the large-h expansion and do not imply that skewness
either diverges or vanishes at a fixed horizon as ¢ — 0.

To study strong persistence directly at finite horizons, we instead hold h fixed

and let ¢ — 0*. In the two-type Gaussian benchmark,

! +
(h) = ﬁSo(h) + O(9), ¢ — 0T,
where
So(h) = 3m(1 —m)(py — po) (03 — o2)h +w(1 — m)(1 — 27) (g — #2)3h2.

(WU% +(1-— W)U% +7(1—m)( — M2)2h)3/2

At h = 1, this expression reproduces the one-period shock skewness, Sy(1) = ;.
For longer horizons, however, there is no general monotonicity in Sy(h). Its nu-
merator contains a term proportional to h, arising from the interaction between
type-specific mean and variance differences, and a term proportional to h?, arising
from unequal type probabilities together with differences in type-specific means.
Depending on the primitive parameters, these terms can reinforce or offset one
another, so the magnitude and even the sign of skewness need not vary mono-
tonically with the horizon. Strong persistence can therefore substantially weaken
attenuation and keep skewness far from zero over economically relevant work-life
horizons.

To examine what the fixed-h strong-persistence result implies as the horizon

grows, we next take h large after the ¢ — 07 limit. If 4y < 0 < pp and © # 1/2,
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the mean-zero restriction implies that the two type-specific means also differ in
absolute magnitude, with the less probable type having the more extreme mean.

The h? term in the numerator then eventually dominates, and

Consequently,
1 2r —1

ﬁso(h) — \/ﬁ

Thus, in the sequential limit in which ¢ — 07 is taken first and & — oo second,
skewness does not attenuate to zero. Intuitively, after taking the fixed-h strong-
persistence limit, conditional on firm type the permanent component has mean Ay,
and variance ho}. As the horizon grows, the distance between the two type-specific
means therefore grows linearly in %, while within-type dispersion grows only at
rate v/h. The standardized permanent component consequently approaches a two-
point distribution, with probability masses m and 1 — 7 corresponding to the two
firm types. Under the mean-zero restriction, the stationary probabilities also deter-
mine the locations of the two points after standardization. This explains why the
limiting skewness depends only on 7, rather than on the one-period skewness ~,
and why its sign need not coincide with the sign of ..

This contrasts with the large-h result obtained for any fixed ¢ > 0, for which
Yp(h) — 0as h — oco. The two limiting operations therefore do not commute. The
economically relevant implication is that sufficiently persistent firm-type exposure
can substantially slow the finite-horizon attenuation of skewness and, for some pa-
rameter configurations, increase its absolute magnitude relative to the iid mixture

benchmark, even though skewness vanishes asymptotically for every fixed ¢ > 0.

3.4.3 Excess Kurtosis

The object of interest is «,(h), the excess kurtosis of the permanent component pj,.

For any fixed ¢ > 0, the appendix shows that



as h — oo. Thus persistence does not prevent excess kurtosis from vanishing
asymptotically, but it can substantially affect its finite-horizon path and the co-
efficient on the leading 1/h term.

A transparent special case isolates the effect of type-specific variance hetero-
geneity. Suppose that the type-specific means are equal. Under the mean-zero nor-
malization, this implies ji; = ps = 0. Persistence then has no effect on the variance
or skewness of the permanent component, but it can affect excess kurtosis through
differences in type-specific variances. In the two-type Gaussian benchmark,

rp(h) = ke H + ”wh—;(d))] ,

where
B 3m(1 —7)(0? — 03)?

(w0 + (1 = m)o3)”

3

is the excess kurtosis of the one-period permanent shock.
The first term, x¢/h, is exactly the excess kurtosis under the iid mixture bench-

mark. The second,
2keDy ()
h? ’

is the additional contribution from persistence in the latent state. Since Dy ;(¢) > 0
for h > 1 and increases as ¢ approaches zero, stronger persistence raises excess
kurtosis in this equal-means special case whenever o7 # o3. This monotonicity
result is specific to the equal-means case; when the type-specific means differ, the
finite-horizon effect of persistence on excess kurtosis need not be monotone (see
Appendix A).

To characterize the strong-persistence limit, hold / fixed and let ¢ — 0. Using
(15),

kp(h) = ke + O(9), ¢ — 07,

Thus, when firm-type exposure becomes nearly permanent over a fixed horizon,
the excess kurtosis of the permanent component approaches the one-period excess
kurtosis kg, rather than being attenuated with the horizon as under the iid mixture
benchmark.

Intuitively, highly persistent firm-type exposure allows individuals to remain
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subject to relatively low-variance or relatively high-variance shock distributions
over much of the relevant horizon. The permanent component can therefore retain
a mixture of relatively calm and relatively volatile histories, keeping excess kur-
tosis quantitatively important over finite work-life horizons. As with skewness,
this strong-persistence result should be distinguished from the large-h behavior

for any fixed ¢ > 0: in the latter case, x,(h) — 0 as h — oco.

3.4.4 Implications for Earnings Moments

The results above describe the life-cycle moments of the permanent income com-
ponent: o7 (h), 7,(h), and k,(h). The mappings in (4)=(6) then translate these mo-
ment paths into the corresponding moments of residual earnings, o7.(h), v,(h), and
Kky(h).

Under the Gaussian transitory specification, the transitory component has zero
skewness and excess kurtosis and therefore affects the standardized higher mo-
ments of residual earnings only through its variance share. Persistent firm-type
exposure affects residual earnings moments through the life-cycle behavior of the
permanent component. Relative to the iid mixture benchmark, persistence can in-
crease the variance of the permanent component and slow the attenuation of its
skewness and excess kurtosis. As a result, residual earnings can retain substantial
non-Gaussian features over finite life-cycle horizons even though the one-period

mixture distribution is unchanged.

3.4.5 Illustration

The formulas above show that persistence in the latent state can substantially alter
the life-cycle moment profiles of the permanent component. Because the mixture
weight, type-specific means and variances, and persistence jointly determine these
profiles, we use an economically motivated stylized parameterization to illustrate
the effects within the two-type Gaussian benchmark.

We consider the parameter values

7 =0.60, y; = —0.02, up = 0.03, o7 = 0.05, o5 = 0.25.
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This parameterization is not an estimate. It is chosen to mirror the qualitative pat-
tern found in the data: a relatively common low-risk firm type and a less common
high-risk firm type, with the high-risk type also having higher average permanent
growth. This pattern corresponds to a labor market in which most workers are
attached to relatively stable firms with modest permanent wage-growth shocks,
while a smaller group is exposed to firms where permanent shocks are both more
dispersed and more favorable on average. The parameter values generate visible
departures from Gaussianity while keeping the parameterization simple and easy
to interpret. We then vary only the persistence parameter ¢, comparing the iid
mixture benchmark, ¢ = 1, with increasingly persistent specifications. The value
¢ = 0.05 is close to the persistence scale implied by the observed firm-type switch-
ing rates.

Figure 1 reports the resulting skewness and excess kurtosis of the permanent
component over the life cycle. When the latent state is independently redrawn
each period, skewness and excess kurtosis quickly move toward zero. With per-
sistent firm-type exposure, this attenuation is slower: individuals remain exposed
to the same firm type for longer spells, so the permanent component retains non-
Gaussian features over a larger part of the life cycle. The figure illustrates this
permanent-component mechanism; the corresponding residual earnings moments

follow from the mappings in (4)—(6).
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Figure 1: Illustration of how firm-type persistence affects the skewness and excess
kurtosis of the permanent component over the career horizon.

4 Estimation

Central statistical offices in many countries provide scholars with access to
matched employer-employee panel data (E-E data). The estimation procedures
developed here rely on such data.

Index the existing firms (employers) in the economy by j = 1,2, ..., J. Let uﬂ(" it
be a dummy indicating whether individual ¢ is employed by firm j in year ¢. E-E
data provide observations on wé i+ and log income y; for a large number of indi-
viduals and firms over relatively long time spans. Here, ; is as in (1) except that
we have dropped the index h.

We can write the permanent income shock as
J
& = 2_ i€l

j=1
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where ff 1) is arandom draw from the firm-specific cumulative distribution func-
tion (cdf) F{;). In one extreme, income risk is similar in all firms so that F{;) = F
for all j. In another extreme, each firm has its own risk characteristics so that
Fij,) # F,) forall j; # j,. Instead of these two extremes, we assume firms can be
divided into a relatively small number (K) of firm groups. In the empirical imple-
mentation, the estimated firm groups are treated as empirical proxies for the latent
firm types in the model.

Let wj,, indicate whether individual 7 works in year ¢ for a firm in group k €
{1,2,...,K}. Let k; denote the group of firm j and let C}, be the set of indices of
firms belonging to group k (i.e., Cp = {j : k; =k}, k = 1,..., K). We have F{;) = G}
forall j € Cy and Gy, # G, for all k # 1.

We can now write

K
&= wi,bh, (16)
k=1

where & , has the cdf G).. The presentation in (16) corresponds to the one in (8).
We have E(¢},,) = u and var(),,) = o}, k = 1,..., K. Moreover, w;, are governed

by a stationary Markov process as we specified in Section 3.2.

4.1 Grouping Firms

In order to estimate the extended income process, we need to estimate %;, the group
of each firm j = 1,2,...,J. This task would be fairly straightforward if ffj),t were
observed. We could then estimate F{;) for each firm j and use these firm-specific
distributions to group firms into K different permanent income shock distribu-
tions. Here we show how the firm groups are identified and estimated even when
§(;).; is not observed.

First, taking first differences of residual log income gives
J
Ao = 3wl + A2
j=1

where A is the difference operator, Ay! = yi—vy;_,, and z} is the stationary transitory

component from (2), with the work-experience index suppressed. Thus the change
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in residual log income consists of the realized firm-specific permanent innovation
and the change in the transitory component.

Let Ay, , denote Ay; for observations with w(; , = 1, so that
Ay = Soya + Dz

Let I ;) be the cdf of Ayéj)’t across individuals and time. Since the distribution
of Az} is common across firms, differences in F; reflect differences in the firm-
specific distribution of &, ;.

From (1), residual log income y; can be interpreted as the population error
from a regression of observed log income y; on a full set of work-experience and
calendar-year effects. Accordingly, let ; be the residual from the corresponding
least-squares regression using work-experience and calendar-year dummies. We

can then estimate the firm groups by solving the weighted k-means problem

J —~ 2
i o [ (B ) ) avto 17)
J:

where F' (j) 1s the empirical cdf of A, , (thatis, of A for observations with w(; , =
1), n; = Zi,t wé iV is a discrete or continuous measure, and H;, ..., Hy are cdfs
(see Bonhomme et al. (2019)).

Using the solution k... kg, Hy, ..., Hi of (17) we obtain estimates wj, , for wy, .
While H), are not proper estimates for G, the subsequent section shows how we
can estimate y, and o3.

Realize that the estimates wj, , allow us to estimate the stationary probabilities
7, as well as the persistence parameter ¢. Nonetheless, these parameters are not
needed for the estimation of the other model parameters as will be shown in the

subsequent section.

4.2 Estimating the Remaining Parameters

We can write

K
Ay =Y wi g+ d;
k=1
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where

K
Qti = Z w?;,t (glzct - Nk> + Azti

Now, as E(q;|w}) = 0, we can estimate u, k = 1, ..., K, consistently via regressing
Ay (in practice, Ay;) on the dummies wj, , (@}, ,).

Define the autocovariances
a=FE(q ), 1=0%+1,+2 ..
and the conditional variances
ceo = var(glwy, =1), k=1,.. K

We can estimate ¢; and ¢ o by using the residuals ¢ = Ay} — Zszl W, ,Jix, where [iy
are the above described estimates for yi.
The remaining model parameters are identified through their relation to ¢; and

cr,0- Assuming z; follows an MA(1) process (see (3)), we have

o=0p+(1+0O-12+6) ol k=1,..,K (18)
e =—(0—1)%? (19)
ey = —00? (20)

C = O, [ >3

The parameters can be estimated by minimum distance estimator (MDM)), a stan-
dard approach in the income-process literature. Alternatively, the first and second
autocovariances can be used to recover ¢ and o2, after which the values of ¢} can

be solved from ¢ .
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5 Earnings Dynamics in Finland with Latent Firm

Heterogeneity

This section applies the proposed estimation procedure to Finnish data. We begin

by describing the data and the samples used in the two stages of the estimation.

5.1 Data

We obtain annual labor-income and employer-link observations from the linked
employer-employee data of Statistics Finland. We restrict the empirical analysis to
private-sector men aged 35 to 50. The age range and balanced-panel design paral-
lel Crawley et al. (2026), while the private-sector restriction reflects our employer-
linked application. The sample period covers 1997-2018.

The income data are based on tax records. Our income measure includes all
labor earnings but excludes social security transfers and capital income. As in
Crawley et al. (2026), we require positive earnings in every relevant year and ex-
clude individuals who experience very large year-to-year income changes, defined
as increases exceeding 500 percent or decreases exceeding 80 percent. The key vari-
able is the change in residual earnings, Ay;. We construct it by first regressing log
income on a full set of year and work-experience dummies and then taking first
differences of the resulting residuals.

We form two subsamples: a firm-grouping sample, used to estimate the firm
groups in the first stage, and an income-process estimation sample, used to esti-
mate the income-process parameters in the second stage. The samples overlap
only partly because each is subject to restrictions specific to its estimation task.
Throughout the empirical analysis, we refer to the estimated categories as firm
groups; these serve as empirical proxies for the latent firm types in the model.

The firm-grouping sample contains earnings changes for individuals who re-
main with the same firm between consecutive years. That is, we retain an earnings-
change observation only when

( —

Wi = Wiy = 1
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for some firm j, subject also to the age restriction described above. For the firm-
grouping exercise, we convert annual labor income to a monthly measure by di-
viding it by months worked before taking logs. We further restrict the sample to
tirms for which we observe at least 15 such same-firm earnings changes over the

sample period. Thus, an observation Ay; satisfying w(; , = w| = 1is excluded

J)it=1
if firm j does not meet this requirement.

The income-process estimation sample contains only individuals for whom
earnings are observed throughout the relevant prime-age period. It consists of
tive balanced panels of individuals. The first and fifth panels contain individuals
born in 1963 and 1967, respectively. We further require individuals in this sample
to have worked throughout the prime-age period in firms included in the firm-
grouping sample.

Altogether, the firm-grouping sample contains 748,191 individuals, 4,918,248
earnings-change observations, and 40,413 firms. The income-process estimation
sample contains 45,778 individuals, 732,448 earnings-change observations, and
19,015 firms. More than half of the firms in the firm-grouping sample do not ap-

pear in the income-process estimation sample because none of the individuals in

the latter sample worked for them.

5.2 Income-Process Estimates

Table 1 presents estimates for the income-process specification without firm-type
heterogeneity and for the extended model implemented using two estimated firm
groups (K = 2).

The estimates of the parameters of the transitory component (¢, o2) and of the
variance of the permanent shock (c7) are essentially the same across the two spec-
ifications. They are comparable to the difference-based, balanced-sample Danish
estimates reported by Daly et al. (2022): 6 = 0.209, o2 = 0.009, and o7 = 0.005.

For the extended model, Table 1 also reports the parameters associated with the
estimated firm groups. The estimates of the group-specific means, i, are small in
absolute value, and the implied between-group variance component, o, is nearly

zero. By contrast, the group-specific variances, o, differ substantially across the
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two groups. The smaller group, k& = 2, which accounts for about one third of
all employee-year observations, has a permanent-shock variance more than eight
times as large as that of group k = 1.

Because the estimated value of 7, is very small, the estimated permanent-shock
variance, o7, is essentially equal to the mixture-weighted average of the group-
specific variances, 02, as implied by the decomposition in (10).

In the income-process estimation sample, the estimated annual probability that
an individual changes firms is 0.09. Because there are many more firms than esti-
mated firm groups, transitions between firm groups occur less frequently than firm
changes. The estimated group-transition matrix implies ¢ = 0.072, corresponding
to an annual probability of moving to a different firm group of 0.03 when rounded
to two decimal places. As discussed above, the estimated firm groups serve as
empirical proxies for the latent firm types in the model. This degree of persistence
is important for the implications of estimated firm heterogeneity for individual

earnings risk.

Table 1: Income-Process Estimates

Without Firm-Type Heterogeneity

Transitory Component Permanent Component
0 o? o7
0.190 0.0102 0.0068
(0.004) (0.0001) (0.0001)
With Two Firm Groups
Transitory Component Permanent Component
0 o? o = or 4+ o
0.190 0.0102 0.0068 0.0000  0.0068
(0.004) (0.0001) (0.0001) (0.0000) (0.0001)
k T, Hi o
1 0.668 —0.0029  0.0019
(0.002) (0.0001) (0.0002)
2 0.332  0.0057  0.0165

(0.002) (0.0002) (0.0003)

The estimation results are robust to changes in the number of firm groups, the
specification of the transitory component (MA(1) versus AR(1)), and the removal

of education-level-specific trends. Detailed results for these robustness checks are
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reported in Appendix B.

5.3 Initial Heterogeneity and Untargeted Higher Moments

We next examine the cross-sectional moments of residual log earnings implied by
the estimated extended model and its iid mixture special case. The iid mixture
benchmark is constructed by setting ¢ = 1 while holding all other parameter esti-
mates fixed at the values reported in Table 1. A general moment-based estimation
strategy could use the empirical variance, skewness, and excess-kurtosis profiles
as additional targets. We do not do so here. Instead, we use only the average level
of the empirical variance profile to account for heterogeneity in residual earnings
thatis already present at career entry. Skewness and excess kurtosis are left entirely
untargeted and therefore provide specification checks on the estimated extended
model and the iid benchmark.

The empirical moments are calculated from residual log earnings after remov-
ing the common work-experience and calendar-year effects. The income process
estimated above describes the subsequent evolution of residual earnings, but it
does not include permanent differences in individuals” residual earnings that are
already present at career entry. Such initial heterogeneity drops out of earnings
changes and is therefore not identified by moments of earnings differences, but it
contributes to the cross-sectional variance of residual earnings in levels.

To account for this source of variation without introducing an additional source

of non-Gaussianity, we add an independent Gaussian initial condition,
Li t Yn = Li + D+ Zn, L~ N(0,07), (21)

where (; is independent of the initial firm type, subsequent type transitions, and all
earnings innovations. The Gaussian assumption implies that this auxiliary com-
ponent can contribute to the cross-sectional variance of residual earnings without
itself generating skewness or excess kurtosis. For the cross-sectional moments con-
sidered here, ¢; is integrated over its population distribution. Thus, its variance

contributes to dispersion across individuals even though, once realized, ¢; is fixed
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over the individual’s career.

Let 07 ,(h) denote the variance of ¢; + y;. Independence implies
o2, (h) = o2(h) + o7, 22)

where o7 (h) is the model-implied variance of residual log earnings defined in Sec-
tion 2.2.

We estimate o by matching the average level of the empirical residual-earnings
variance over ages 35-50. Since age 25 corresponds to i = 1, these ages correspond
to career years h = 11,...,26. Let 5, (h) denote the empirical cross-sectional vari-

ance of residual log earnings at career year h. We choose

2
02 = arg min Z [5(h) — a3 (h) — 5}2 = 0.03L. 23)
s20 on

Here o) (h) is evaluated under the estimated extended model. This adjustment
matches only the average level of the empirical variance profile; it does not target
its shape. The same 67 is then used for the iid mixture benchmark obtained by
setting ¢ = 1. Thus, the comparison isolates the effect of firm-type persistence
rather than differences in the variance-level adjustment.

Because ¢; is Gaussian and independent of y;, the moment mappings in Sec-

tion 2.2 imply
a2(h) \
Yy (h) = (02 (h)) Yy (h), (24)
and
o2(h) \
oy (h) = (J;&;)) ey (). (25)

For these expressions, the moments on the right-hand side are evaluated under
either the estimated extended model or the iid mixture benchmark. Initial het-
erogeneity therefore dilutes the standardized higher moments by increasing total
cross-sectional variance, but it does not itself generate skewness or excess kurtosis.

Figure 2 compares the empirical moments with those implied by the estimated
extended model and the iid mixture benchmark. The benchmark holds the esti-

mated one-period Gaussian mixture of permanent shocks fixed and differs from
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the extended model only by setting ¢ = 1, thereby removing serial dependence
in the firm-type state. Neither empirical skewness nor empirical excess kurtosis is
used in estimating the income-process parameters or o2. These higher moments

therefore provide untargeted specification checks.
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Figure 2: Residual log earnings: variance (top) and untargeted skewness and ex-
cess kurtosis (below). The Gaussian initial-condition variance, 52 = 0.031, is cho-
sen so that the estimated extended model matches the average empirical variance
over ages 35-50 and is then held fixed for the iid mixture benchmark and the level-
based exercises in Section 6. The iid mixture benchmark is obtained by setting
¢ = 1 while holding all other estimated parameters fixed, so the two specifications
differ only in the serial dependence of the firm-type state. Model paths span ages
25-54; empirical estimates and 95% confidence intervals span ages 35-50.

Over ages 35-50, the estimated extended model reproduces 49 percent of av-
erage empirical skewness and 39 percent of average empirical excess kurtosis.
When the same parameter estimates are used with ¢ = 1, the corresponding ra-

tios under the iid mixture benchmark are 4 percent and 3 percent. These ratios
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compare age-averaged standardized moments and should not be interpreted as
additive decompositions. The contrast nevertheless shows that firm-type persis-
tence is quantitatively important for reproducing the observed higher moments:
the same one-period Gaussian mixture generates only a small fraction of their em-
pirical magnitudes when workers” exposure to firm types is independently drawn

over time.

6 Economic Implications of Firm-Type Persistence

The previous sections show that heterogeneity across latent firm types and persis-
tence in firm-type exposure have distinct implications for the life-cycle distribution
of earnings. This section examines whether these differences matter for risk-averse
households. We consider three income-process specifications. The standard Gaus-
sian benchmark abstracts from firm-type heterogeneity altogether. The iid mixture
benchmark preserves the type-specific permanent-shock distributions and station-
ary type probabilities of the estimated extended model but sets ¢ = 1, so that the
firm type is independently redrawn each period. The extended model retains both
firm-type heterogeneity and the estimated persistence in type exposure. The iid
mixture benchmark is compared with the separately estimated standard Gaussian
benchmark to assess the role of the one-period mixture. Comparing the extended
model with the iid mixture benchmark isolates firm-type persistence because only
¢ changes.

We use standard CRRA preferences, so the exercises are intended to isolate the
economic implications of the income process rather than introduce a new pref-
erence mechanism. Relative to the iid mixture benchmark, persistent firm-type
exposure slows the finite-horizon attenuation of non-Gaussian features in the per-
manent component and makes the current firm type informative about the distri-
bution of future permanent shocks. These differences can affect the risks faced by
households even though the extended model and the iid mixture benchmark share
the same one-period mixture distribution.

We illustrate these implications in two steps. First, we compute an exact life-

cycle risk premium for a level-mean-preserving income process. Second, we solve
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a finite-horizon consumption-saving problem with a borrowing constraint. The
tirst exercise provides a transparent certainty-equivalent comparison, while the
second allows households to self-insure dynamically through saving. For these

exercises, let

Yy = Li + Yn

denote residual log earnings including the Gaussian initial heterogeneity intro-
duced in (21). The same fitted initial-heterogeneity distribution is used in the stan-
dard Gaussian benchmark, the extended model, and the iid mixture benchmark.
In the comparisons between the extended model and the iid mixture benchmark,
all estimated parameters other than ¢ are held fixed, so these comparisons isolate

the economic implications of firm-type persistence.

6.1 An Exact Mean-Preserving Life-Cycle Risk Premium

In the spirit of the welfare calculations for non-Gaussian earnings risk in Guvenen
et al. (2024), we summarize the cost of the estimated income process using a life-
cycle certainty equivalent.

Let
M(7) = Eolexp(Typ,)]

denote the moment-generating function (MGF) of residual log earnings, including
initial heterogeneity, at career year h. The expectation E|, is taken before the initial
condition and the subsequent income path are realized, so the calculation treats
initial heterogeneity as ex ante career-entry dispersion. For a constant certain con-

sumption level C, define the level-mean-preserving risky path as

Ch = Ce;\j:%), Eo(Cy) = C. (26)

Over a T-year horizon with discount factor 8 and period utility u, the life-

cycle risk premium w is the uniform proportional reduction in the certain path
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that makes the household indifferent:

T T

}{:ﬁhfluajm,—zz))::j{jﬁwflﬂb[u(égﬂ . 27)

h=1 h=1

With CRRA period utility u(C') = C'~"/(1 — n), where 1 denotes relative risk aver-

sion, the indifference condition gives, for n # 1,

15 & 1/(1-n)
1_ 47 > B MR (1) M (1 - n)] : (28)
h=1

w=1-—

The log-utility case follows by continuity.

For the extended model, let k;, denote the latent firm type at career year h, as
defined in Section 3.2. Let R denote the transition matrix in (13), 7 the vector
of stationary type probabilities, G(7) the diagonal matrix with entries exp (7 +

7202 /2), and 1 a conformable vector of ones. The MGF is then

7_2

My (1) = exp [? (@2 + 03)] 7'G(7) [RQ(T)]h_l 1, o2 = (1+6*02. (29)

Here [RG(7)]"! denotes the ordinary matrix power, with the identity matrix used
when h = 1. Each additional factor propagates the firm-type transition and the
MGTE of the associated type-specific permanent shock by one career year. The ex-
ponential prefactor incorporates the independent Gaussian initial condition and
the Gaussian MA(1) transitory component, while the remaining expression incor-
porates the permanent-shock mixture and the persistence of firm-type exposure.
The iid mixture benchmark uses the same type-specific permanent-shock dis-
tributions and stationary type probabilities as the estimated extended model but
sets ¢ = 1. Thus, the extended model and the iid mixture benchmark differ only
in the serial dependence of the firm-type state. The standard Gaussian bench-
mark abstracts from firm-type heterogeneity and uses &, ~ N(0,07) with the cor-
responding parameter estimate in Table 1. The same fitted Gaussian initial het-
erogeneity is included in all three specifications. For the extended model and the
iid mixture benchmark, the type-specific means are recentered by their negligible

mixture-weighted mean to impose (9).
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Write cum, (X) for the nth cumulant of a random variable X. The Gaussian
prefactor in (29) is quadratic in 7 after taking logs and therefore contributes nothing
to cumulants of order three and above. For the extended model,

dn
cum,(y;,) = — log{7'G(T)[RG(7)" "1} n=3,4.

n
dr 7=0

These derivatives are the third and fourth cumulants of residual log earnings.
They need not vanish even though permanent shocks are Gaussian conditional
on firm type, because integrating over sequences of latent firm types generates a
non-Gaussian mixture distribution. They therefore allow for nonzero skewness
and excess kurtosis. Under the standard Gaussian benchmark, both cumulants are
zero.

To relate the exact premium to the higher moments studied above, define
Ky(7) = log My, (1)

and

Liy(n) = (n— 1) Ku(1) + Ku(1 — 7).

Equivalently, L, (1) = log E[(C\,/C)*™"]. This log moment of normalized level

consumption enters (28). We write it exactly as

L) = S0 T CZD (45 + R, (30)

where R}, 4(n) is defined residually as the part of L, (n) not captured by the second
through fourth cumulants. The coefficient on the first cumulant is identically zero
because of the level normalization in (26).

The second through fourth cumulants are related to the moments in Section 5.3
by

cums(y;,) = o, (h),
cums (y;) = . (h) [0, (]2, cuma(yh) = ry,(h) [02,(B)] .

Equation (30) therefore provides a convenient way to assess how variance, skew-
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ness, and excess kurtosis contribute to the risk-premium comparison without re-
quiring convergence of an infinite cumulant expansion.

We use two premium comparisons. The iid-mixture effect is the difference be-
tween the exact premium under the iid mixture benchmark and the premium un-
der the standard Gaussian benchmark. It records the premium difference between
the estimated one-period mixture and the separately estimated standard Gaussian
benchmark. The persistence effect is the difference between the exact premium un-
der the extended model and the premium under the iid mixture benchmark. Be-
cause this comparison changes only ¢, it isolates the effect of firm-type persistence.

Panel A of Table 2 reports these two margins together with the total premium
under the extended model. Panel B constructs sequential approximations to the
persistence effect using the second, third, and fourth cumulants. It then reports
the difference between the fourth-order approximation and the exact MGF-based
persistence effect as a remainder. Because the certainty-equivalent transformation
is nonlinear, the allocation across cumulants depends on the stated ascending or-
der. Including the remainder recovers the exact persistence effect by construction
and does not require convergence of an infinite cumulant expansion.

Panel A shows that the iid-mixture effect is close to zero at n = 1.5 and n = 2,
whereas persistence adds 0.34 and 0.33 percentage points, respectively. The per-
sistence effect rises to 3.42 percentage points at 7 = 5 and 19.02 percentage points
at n = 10, substantially exceeding the iid-mixture effect throughout. The n = 5
and 7 = 10 columns are sensitivity illustrations: the exact expression evaluates
M;,(1 — n) and therefore places increasing weight on the model-implied lower tail
as risk aversion rises. Thus, firm-type persistence accounts for most of the addi-
tional premium associated with firm heterogeneity, especially when households
are highly risk averse.

Panel B shows how preferences change the pricing of the same income process.
The coefficient on the third cumulant in (30) is 7(n — 1)(2 — 1)/6 and therefore
vanishes at 7 = 2. For the estimated process, the third-cumulant contribution
raises the persistence effect at = 1.5 and offsets the fourth-cumulant contribu-
tion when n > 2. At high levels of risk aversion, the large and partly offsetting

fourth-cumulant contribution and remainder also illustrate why it is important to
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Table 2: Exact level-mean-preserving life-cycle risk premiums and decomposi-
tions. Panel A reports the premium under the standard Gaussian benchmark and
the incremental iid mixture and persistence effects. Panel B decomposes the per-
sistence effect by adding log-income cumulants in ascending order; the remainder
makes the decomposition exact. The numbers are percentage points.

Panel A: Exact premium comparisons

Standard Gaussian benchmark 8.77 11.60 29.23 60.23
Iid mixture effect —0.01 —0.03 0.10 3.24
Persistence effect 0.34 0.33 3.42 19.02

Extended model: total premium 9.10 11.90 32.76 82.50

Panel B: Cumulant decomposition of the persistence effect

Second cumulant (variance) 0.14 0.19 0.58 1.23
Third cumulant 0.12 0.00 —293 —18.00
Fourth cumulant 0.08 0.14 5.79 45.41
Remainder 0.00 0.00 —0.02 —9.62
Exact persistence effect 0.34 0.33 3.42 19.02

Notes: 8 = 0.95, T = 30, and all specifications include the same Gaussian initial heterogene-
ity with 52 = 0.031. The iid mixture effect is the premium under the iid mixture benchmark
minus the premium under the standard Gaussian benchmark; the persistence effect is the
premium under the extended model minus the premium under the iid mixture benchmark.
Panel B applies the same extended-model-minus-iid-benchmark comparison to the sequen-
tial cumulant contributions. Because the certainty equivalent is nonlinear, the cumulant allo-
cation depends on the stated ascending order. The remainder is the difference between the
exact persistence effect and its fourth-order approximation.
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evaluate the total premium using the exact MGF. This exercise abstracts from en-

dogenous saving, which we introduce next.

6.2 Dynamic Consumption and Saving

We next feed the same three income-process specifications into a finite-horizon
consumption-saving problem. This exercise is the dynamic counterpart to the life-
cycle risk-premium calculation. In the risk-premium calculation, the household
prices income risk directly; here, the household can respond to that risk through
saving.

Relative to the life-cycle risk-premium calculation, we simplify the transitory
component from Gaussian MA(1) to Gaussian white noise by setting ¢ = 0, so the
saving exercise uses o2 but not 6. Because the problem is formulated in income lev-
els, it also requires mean normalizations for initial income and one-period shocks.

Let P, denote the permanent component in levels and Y}, residual earnings in
levels. They are the level counterparts of p;, and y;, with the initial heterogeneity

and level-mean normalizations specified below. Income is governed by
log Phi1 = log P + §n1 — Xe:

2
g
log Y41 = log Phy1 +€pq1 — ?a

The term
2 1
=1 E Zo2
Xe¢ og Ll T, €XP (,uk + 2%)]

normalizes one-period average level growth under the stationary distribution of
firm types. It does not normalize expected growth separately within each firm
type. Because this log-growth adjustment is common across firm types, it leaves
cross-type differences and higher centered moments of log shocks unchanged. For
each of the three specifications defined in Section 6.1, x, is based on the corre-
sponding one-period permanent-shock distribution; under the standard Gaussian
benchmark, it reduces to x¢ = 07/2. The term —o2/2 provides the analogous

normalization for the transitory component. With persistent firm types, the one-
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period normalization does not keep mean level income fixed as shocks compound
over the life cycle.

The extended model uses the Markov transition rule in (13), while the iid mix-
ture benchmark sets ¢ = 1. In both specifications, k1 determines the distribution
of the permanent shock &;,11. Under the iid mixture benchmark, k;_; is drawn in-
dependently from the stationary distribution, so the current firm type contains no
information about the next one. In both two-type specifications, the initial type k
is drawn from the stationary distribution independently of ;.

Let Aj, denote beginning-of-period resources after current income has arrived,
C}, consumption, and r the risk-free interest rate. To write the problem in a form
that accommodates all three specifications, let V}, (P, Ay, k) denote the value at
this point. The current firm type k; is a relevant state variable for future income
risk only in the extended model; under the iid mixture benchmark, future firm
types are independent of k;, while the standard Gaussian benchmark has no firm-

type state. The household solves

Vi(Pr, Ap, k) = max  {u(Ch) + BE [Via1(Phit, Antt, ki)l }

0<Cr<Ay
Apyr = (1 +7)(Ap = Cp) + Yay,
Ah 2 07

where E}, conditions on the current state and the CRRA utility function is the one
defined in Section 6.1. The distinct pre-income financial wealth measure used be-
low is

Wh = (1 + T)(Ah_l — Ch—l),

so that Ah = Wh + Yh.
We set n = 2, 8 = 0.95, and » = 0.04. The numerical problem is initialized at
h = 0, corresponding to age 24, with

~2
POZYEJ:AOIGXP(%__L)

and Wy = 0, so that the initial income level has mean one in each specification.
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By the time of the initial saving decision, ¢; has been realized and is observed by
the household. Thus, unlike the life-cycle risk-premium calculation, this exercise
does not price uncertainty about ¢; before its realization. The problem is solved
through i = 40 (age 64). We report outcomes for i = 1,...,30 (ages 25-54); h =
31,...,40 (ages 55-64) are solved and simulated but omitted, keeping the terminal
liquidation condition outside the reported horizon.”

The first distributional comparison examines how the three income-process
specifications pass through to household consumption and resources. Figures 3
and 4 report the variance, skewness, and excess kurtosis of log consumption and
log A}, over ages 25-54. Because all three specifications use the same initial hetero-
geneity, differences across their paths are driven by the subsequent income-shock
processes. In particular, the comparison between the extended model and the iid

mixture benchmark isolates the effect of firm-type persistence.

Log consumption

Variance Skewness Excess kurtosis
0.225 4 0.4 4
1.2 A
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—— Standard Gaussian benchmark Extended model ==~ lid mixture benchmark

Figure 3: Variance, skewness, and excess kurtosis of log consumption at ages 25—
54. All specifications include the same fitted Gaussian initial heterogeneity.

Near the beginning of the horizon, the extended model and the iid mixture
benchmark can differ from the standard Gaussian benchmark because both incor-
porate the estimated one-period mixture distribution. As income histories accu-
mulate, the iid mixture benchmark remains close to the standard Gaussian bench-

mark, while the extended model sustains larger higher moments and produces

"This keeps the illustration focused on working ages. Because retirement and potential bequests
are not modeled, the terminal value is set to zero. A terminal period therefore creates an artificial
incentive to run down assets near the end of the horizon, so these final years are excluded from the
reported illustration.
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Log Ap

Variance Skewness Excess kurtosis
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Figure 4: Variance, skewness, and excess kurtosis of log A, at ages 25-54. All
specifications include the same fitted Gaussian initial heterogeneity.

more dispersion. The contrast between the extended model and the iid mixture
benchmark measures the role of persistence over the horizon relevant for house-
hold decisions. Unlike the mean-preserving risk-premium exercise, the saving ex-
ercise also allows persistence to change mean level income as shocks compound.
The final comparison asks whether these differences carry over to the distri-
bution of pre-income financial wealth. Table 3 reports percentile ratios of W, in
a simulated population with equally weighted cohorts aged 25-54. For example,
P90/P50 is the ratio of the 90th percentile to the median, while P99/P10 compares
the 99th and 10th percentiles. The exercise is intentionally stripped down and is
not a calibration of the wealth distribution; the relevant comparison is internal.
Table 3: Pre-income financial wealth in equally weighted cohorts aged 25-54 under

the three income processes. All specifications include the same fitted Gaussian
initial heterogeneity.

Percentile ratio  Standard Gaussian benchmark  Extended model Iid mixture benchmark

P90/P50 2.11 2.23 2.11
P90/P10 9.29 10.22 9.35
P99/P50 3.47 4.13 3.49
P99/P10 15.27 18.95 15.42

Relative to the iid mixture benchmark, persistence raises P90/P50 from 2.11 to
2.23, P90/P10 from 9.35 to 10.22, P99/P50 from 3.49 to 4.13, and P99/P10 from

15.42 to 18.95. The iid mixture benchmark remains close to the standard Gaussian
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benchmark for every ratio. Thus, persistent firm-type exposure increases upper-
tail pre-income wealth inequality in this illustrative saving exercise.

Taken together, the risk-premium and saving exercises illustrate why firm-type
persistence can matter for economic applications. Under the iid mixture bench-
mark, the skewness and excess kurtosis of the permanent component attenuate
as permanent shocks accumulate. Persistent firm-type exposure slows this atten-
uation and changes the evolution of income risk over the life cycle, producing a
higher exact mean-preserving life-cycle risk premium and greater upper-tail dis-

persion in pre-income financial wealth in these comparisons.

7 Conclusion

This paper studies how persistent exposure to heterogeneous latent firm types
shapes individual earnings dynamics. We extend a standard permanent-transitory
income process by allowing the distribution of permanent shocks to differ across
tirm types and workers” exposure to these types to be persistent over time. The ex-
tended model nests the iid mixture benchmark as the special case in which work-
ers’ exposure to firm types is drawn independently each period. Holding the one-
period mixture distribution fixed, persistence in firm-type exposure changes the
way permanent shocks accumulate over the life cycle. In particular, it can substan-
tially slow the finite-horizon attenuation of skewness and excess kurtosis in the
permanent component, even though these higher moments still vanish asymptot-
ically for any fixed positive rate of state switching.

We develop an estimation approach that combines matched employer—
employee data with covariance-based income-process estimation. Firms are first
classified into empirical groups that serve as proxies for the latent firm types, af-
ter which the income-process parameters are estimated using the estimated group
assignments. Applying the approach to Finnish administrative data, we find sub-
stantial heterogeneity in permanent-shock variances across firm groups, while dif-
ferences in group-specific mean shocks are small. The estimated transition prob-
abilities indicate infrequent movement across firm groups and hence persistent

tirm-type exposure. Although skewness and excess kurtosis are not targeted in
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estimation, the extended model accounts for a considerably larger fraction of their
empirical magnitudes than the iid mixture benchmark, highlighting the quantita-
tive importance of persistence rather than the one-period mixture alone.

We illustrate the economic implications using an exact mean-preserving life-
cycle risk premium and a finite-horizon consumption-saving problem with a bor-
rowing constraint. In both exercises, the comparison between the extended model
and the iid mixture benchmark holds the one-period permanent-shock mixture
fixed and varies only the persistence of firm-type exposure. The results show
that persistence in firm-type exposure can materially increase the cost of earnings
risk and affect saving behavior and the upper tail of the financial-wealth distribu-
tion. These exercises are deliberately stylized and are not intended as calibrations
of household behavior or wealth inequality, but they illustrate why the temporal
structure of earnings risk can matter alongside its one-period distribution. More
generally, because persistence in firm-type exposure is linked to movements across
employers and firm groups, the framework provides a natural basis for studying
how changes in labor-market mobility affect the dynamics and economic conse-

quences of earnings risk.

A Moment Derivations for the Permanent Compo-

nent

This appendix derives the variance, skewness, and excess kurtosis of the perma-
nent component when there are two types. The derivations include as a special
case the main-text specification in which the type-specific distributions are Gaus-
sian. Throughout the two-type analysis we order the types so that p; < 0 < po,
with strict inequalities when the type means differ. Under the mean-zero restric-

tion this ordering is without loss of generality.
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A.1 The Moments of the Permanent Component

Define the parameters

p=1—¢, I=m1(1-—m), C=1-27m, Q =1I(1 - 31I),

_ _ 2 2 o — 3 3
Ay = pn — pa, Dg2 = 07 — 05, Aps = my —ms,

o2 =mo? + (1 —n)o3, m> =7m3 + (1 —7)m3, mi =nami+ (1 —7)mj

For notational compactness, powers of composite parameters are understood to

2y

apply to the entire parameter. Thus, for example, A2, = (A,2)? and 0, = (o
Under the mean-zero restriction, the between-firm-type variance from (11)
(with K = 2) can be written as

O’i = HAZ

Recall that o7 = E (£2) and let m} = E (¢2) and m{ = E (£]). Under the mean-
zero restriction, these raw moments are also central moments. Here and below, ag

denotes (07?) ? not my.

Define -
Din(¢) = > (h—10)p",
(=1
h—1
Day(¢) =Y (b —0)p,
=1
h—1
D3p(¢) = > (h—0)(h—{—1)p",
=1
h—3 h—j—2
Dyn(o) = (h—j—t=1)(h—j—0)p*,
j=1 /=1

Here, empty sums are interpreted as zero.
With these definitions, the moments of the permanent component can be writ-

ten as

E (p,) = 0¢h+ 2IIA% Dy 4(¢) (A.1)
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E (p) = m¢h + 6IIA, A2 Dy, (¢) 4 6IICAS Dy 1, () (A.2)

E (p) = m¢h + 30 (h* = h) 4 dy1 Dy p(¢) + da2Da (o)
+ 12[10Z A2 Dy 1, (¢) 4 12I1° A% Dy 1y (¢) + 241IC° A2, D5 1, (). (A.3)

where
o7 :aﬁ+HAi:a§+aZ
mi = ICAS, + 31A, A2 + m))
mg = QAL + 6IIAY 07 + 6IICAY Ao + ATIA A s + m,
dyy = (8Q — 30IIC? — 12I1°) Ay, + 121IA% 07 4 8IIA, A, + 6ITA,
dyo = (36I1C% 4 1211°) A} + 12ITAY 07 4 36IICAZ A -

For showing the above results, define the series

Cl,s = 51,5 — M1, S2,s = 52,3 — 2
Vs = AsS1,s + (1 - as)§2,s
by =as — 7

Note that b, is a mean-zero stationary process and that we have

E(bsbs-‘rf) = Hpe (A4)
E<bsbs+lbs+l+m> - Hcpf—i-m (A5)
E<bsbs+€bs+i+mbs+5+m+n> = H2pf+n + H02p£+m+n (A6)

where /,m, n are nonnegative integers.
As {<1s} and {c s} are mean-zero iid series, mutually independent and inde-

pendent of the component process {a;}, we have
E (vgv1q) = (£ = 0)o?, (=0,1,2,....
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It is also clear that

E(vs ] ay,ag,...)=0

Now, define

h
Bh:st and Vh:ZUS.

s=1 s=1

Using the mean zero condition in (9), we can then write

P =A,B, +V,

The results (A.1)-(A.3) can then be seen to hold by applying the following lemma.

Lemma A.1. We have
E(B™V,,) =0, m=0,1,2,3.
E(B}) =TI (h+2D14(9)).
E(V?) = ho?.

E(B}) =T1IC (h + 6Dy () -

E(BLV;2) = A2 E(B}).

E(B}VY) = ho?E(B}) + A2 E(B}).

E(V;3) = hm?.

E(BLV}) = A E(B}).

E(VH = hm? +3h(h — 1)o? + 6AZLIID, 1 ().

45

(A7)

(A8)

(A9)
(A.10)
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+24 (h— € —m —n) [II?pH" + TIC?p" ™47 (A 16)

Proof. The result (A.7) follows by conditioning on the component path (ay, ..., as).
Since E(vs | aj,as,...) = 0 for each s, we have E(V}, | aq,...,a,) = 0. For (A.8),

write
h—1 h—t
B? = ZbQ+2Z bsbsss.
(=1 s=1
Using F(b?) = IT and (A .4) gives
h—1
E(B}) =Th+211) (h—0)p
=1
For (A.10), use
h h—1 h—t h—2 h—s—1h—s—¢
By =) 0543> Y (bbae+bbl) +6> > babeyebsresm.
s=1 (=1 s=1 s=1 (=1 m=1

Taking expectations and using E(b?) = IIC, E(b*b,4,) = E(bsb?,,) = ICp’, and
(A.5) yields
E(By) = TIC [l + 6D,(¢)]

Conditional on the component path,
EWVZ|ay,...,a5) = ho? + A2 By,

This gives (A.9), (A.11), and (A.12).
Similarly,
EWV2 | ai,...,a5) = hm> + A,3By.
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This gives (A.13) and (A.14).
For (A.15), we have

h
E(Vi | a1,....an) =Y E(i|a)+6Y E@?|a)E] | a).

s=1 r<t

Moreover,

E(? | as) = 02 + A2b,

and

E(U;l | as) = mi + (mlll - m%>bs-

Since E(b,) = 0, the first sum contributes hm_. For the cross terms,
E[EW! | a,)E(] | a)] = o + AZE(b.by).

Using (A.4) and summing over r < t gives (A.15).

For (A.16), use the expansion of B} grouped by index multiplicities. The term
h@ comes from four equal indices. The term with coefficient 8 comes from three
equal indices and one distinct index. The term with coefficient 6 comes from two
pairs. The term with coefficient 12 comes from one pair and two distinct indices.
The term with coefficient 24 comes from four distinct indices. The expectations for
these groups are evaluated using E(b}) = Q, (A4), (A.5), and (A.6), allowing zero
lags when indices coincide This yields (A.16). O

A.2 Approximations

In the main text, we consider approximations for the variance, skewness and ex-

cess kurtosis coefficients of py,:

() = 2@
(E(p7))?
Kp(h) = £ ) 7 3
(E(p7))



when h is large and further when ¢ is small. The two sections below show the
underlying results in more detail.
A.21 Auxiliary Large-/ and Strong-Persistence Approximations

The following lemma summarizes how the functions D, ;(¢) behave as h — oo, for

fixed ¢ € (0, 1].
Lemma A.2. We have, for fixed ¢ € (0, 1], as h — oo,

=0, 1-9

Din(@) = —5=h ===+ 0 (1= 9)").
0= 500 U900 o)
Di(9) =+ ; Oy L= ‘b;(f 2P 2<1¢; %o (A=),
Din(é) = (%)2 pe = L= (bif 9 6(1q;¢>2 10 (h(1— o)),
Dsn(0) = <%>3 h— 3(%4@3 +0 (R0 - o))

Proof. Let p = 1 — ¢. The results follow from the standard closed-form expressions

for finite geometric power sums of the form

h—1
> et q=0,1,2,3.
=1

Substituting these expressions into the definitions of D, ;(¢), D2x(¢), D3 x(¢), and
D5 1, (¢) gives the stated expansions. For D, ;(¢), first rewrite the double sum by
setting ¢ = j + ¢

h—2

Dyn(¢) = Z(q —1)(h—q—1)(h—q)p*.

q=2

This again reduces the expression to a finite linear combination of geometric power
sums. The remainder terms are the finite-sum tail terms and are of the stated or-

ders. ]
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The following lemma summarizes how the functions D; ,(¢) behave as ¢ — 07,

for fixed h.
Lemma A.3. For fixed h, as ¢ — 07,

hh—1)  h(h—1)(h+1)

Dupfe) = M MO DRED) o)
Dyy(e) = "= DEAD WO VRED | o)
Dy n(6) = h(h — 1§(h —2) _ th(h — 1)(h1; 2)(h+1) +O(8?),
Duste) = HEZDE =2 =) | B DD 50D ey
Do) M= 1)(h24— 2)(h=38) _  hh=1)(h - i)o(h LU IR

Proof. For fixed h, use
(1=0)"=1-q¢+0(¢*)

inside each finite sum. Since the number of summands is fixed, the sum of the
remainder terms is still O(¢?). The stated expressions then follow by evaluating

the corresponding polynomial sums. For example,

h—1 h—1
Din(9) =3 (h=0) =0 h—0)+0(d),
=1 =1
and h—1 h—1
— _ h(h—-1) — _ h(h—=1)(h+1)
(h=0) ==, > Uh—t) = : .
=1 =1
The other expressions follow analogously. O

A.2.2 Variance

Applying Lemma A.2 to the expression (A.1) yields the large-happroximation

E(p;) = <a§ + 2HA2%) h+ O(1). (A.17)
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This shows that asymptotically the second moment of p;,, and hence the variance
under the mean-zero assumption, grows linearly, but persistence makes the rate of
growth be faster than under the iid specification.

Applying Lemma A.3 to (A.1) yields the small ¢, fixed h, approximation
E (p}) = olh + TALR? + O(9)
This result does not require the type-specific distributions to be Gaussian.

A.2.3 Skewness

Applying Lemma A.2 to the expression (A.2) gives

B - (mg 61,12 4 gneay! ;f) h
—6HANA021;—2¢
—6IICAS S ‘2;2 —9 40 (h(1—¢)").

Using this together with (A.17), we can derive the large-h, fixed-¢ approximation

1 3
Yp(h) = ﬁSoo(aﬁ) +O0(h™2) +0((1 - ¢)"). (A.18)
where , - 1
_ mg + 6HAMAO-27 + 6HC’AM?

3/2
1-¢
(02 + QHAfL 3 )

The quantity S..(¢) determines the magnitude and sign of the leading h =/ term
in the large-h expansion.

When ¢ = 1, the latent state is iid over time, so

mS

_ e

and hence v,(h) = 7:/Vh exactly. Thus S..(¢) generalizes the one-period shock
skewness 7, to the leading large-h skewness term when the latent state is persis-

tent.
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When the type-specific distributions are Gaussian,
mg =7 (1] + 3mot) + (1 —7) (u3 + 3p203) .

For 1y < 0 < py and 7 # 1/2, the strong-persistence behavior of the large-h term is

o6m — 3 1

N V27(1 —ﬂ)ﬁ

as reported in the main text. The leading expression is unaffected by type-specific

See() +0(V9),  ¢—0F,

third moments because their contribution is of lower order as ¢ — 0%.
Applying Lemma A.3 to the ratio of (A.2) and (A.1) yields the complementary

tixed-h, strong-persistence approximation
1
h) = —=5y(h) + O(9), — 07,
W) = =5 +0@), ¢

where
B m3 + 3IIA, Ay2h + HCAfJﬂ

(02 + 11AZR)>?

So(h)

The subscript in Sy(h) indicates that this expression characterizes the limit as ¢ —

0" with h held fixed. Ath =1,
50(1) =3 =7

so the expression again coincides with the skewness of the one-period permanent
shock. For longer horizons, the terms proportional to h and h? can reinforce or
offset one another, so Sy(h) need not vary monotonically with h.

Note that m? = 0 when the centered type-specific distributions are Gaussian,

or more generally symmetric. For very large h, provided i; < 0 < pp and 7 # 1/2,

N 2 —1 _1/2
So(h) —m_ﬁ)\/h()(h ),

which is the expression reported in the main text.
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A.2.4 Excess Kurtosis

Applying Lemma A.2 to (A.3) yields the large-h, fixed-¢ approximation

1—¢ 1—¢
¢ ¢?

+120o¢ A (1 ; LS G 2(22 9 h)

+121T°A Y ((%)2 R G ¢§3(4 +9) h>

h

E(py) = m¢h+30¢ (h* —h) + da h+dyy

3
+24IICPA, (%) h+0(1)+ O (R*(1 —¢)").

The constants d4 ; and d, > depend on the primitive parameters but not on ¢. The
coefficient on the dominant h2-terms is
1—-9¢

1-¢\" 1-0\’
30¢ + 12HU§A§7 + 12I12A (7) =3 (ag + 2HA27> :

Together with (A.17), this implies
— = =34+ 0+ O((1 — ¢)").

Therefore,

for fixed ¢ > 0. Thus excess kurtosis vanishes asymptotically for any fixed ¢ > 0.
Nonetheless, persistence affects the coefficient of this 1/h term and can make «,,(h)
quantitatively important over finite work-life horizons.

As noted in the main text, a particularly transparent effect is obtained when the
type-specific variances differ, 07 # o3, while there is no difference in the means,
f1 = p2. Under the mean-zero restriction this implies p; = po = 0, and hence
A, = 0. In this case,

E(p;) = ho?.

and the fourth-moment formula reduces to

E(p;) = hm} 4+ 3h(h — 1) 4+ 611A2, Dy 1, ().
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Therefore,

E(ph) mt — 304 6IIA,
_ 7 — v v o D
kip(h) ER)R S hot -t it e

If the type-specific distributions are Gaussian, then

my =3 o} + (1 — m)o3] .

v

Since

WU% +(1- ’/T)O'g — [WU% +(1— W)O%]2 = H(O’% — 05)2,

we have

m} — 30t = 31IAZ,.

Thus, in the Gaussian equal-means case,

rip(h)

_BHAZ 1, 2D1,(9)
h nr|

oy
Using Lemma A.3, for fixed h as ¢ — 0T,

h(h —1)

Diy(0) = 5

+ O(9).

Hence, in the Gaussian equal-means case,

ITAZ,
Kp(h) = 3—=+ O(9).

v

The leading term can be written as

var, (o?)
[Er(op)]”

since

2 2 2 2

varg (o;) = (o7 — 02)2, E.(o}) = o?

v*

Thus, when type exposure is nearly permanent over the finite horizon, the accu-
mulated permanent component remains a mixture of histories with different vari-

ances. This can generate excess kurtosis even though the type-specific distribu-
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tions themselves are Gaussian.

For tixed ¢ > 0, using Lemma A.2,

Dus(6) = = h+ O(1),

and therefore

i (h) = 3IIAZ, [1 2(1 — ¢)

h+ o ]+O(h2).

Ty
Hence excess kurtosis still vanishes at rate 1/h, but persistence increases the coef-
ticient multiplying that rate in this special case.

Outside this equal-means special case, the effect of persistence on x,(h) is less
transparent. The fourth moment contains several persistence terms, involving
Dy p(9), ..., Dsn(¢), and the variance in the denominator also depends on D, 5 (o).
The signs and relative magnitudes of the corresponding coefficients depend on the
primitive parameters. As a result, increasing persistence need not have a mono-
tone effect on finite-horizon excess kurtosis in the general case. Depending on the
component means, variances, and higher moments, stronger persistence can raise

or lower finite-horizon excess kurtosis.

B Robustness Checks

This appendix assesses the robustness of the estimates reported in Section 5.2. The
main specification uses two firm groups to keep the analysis tractable while cap-
turing economically meaningful differences across groups. However, some appli-
cations may benefit from a larger number of firm groups. Thus, we first increase
the number of firm groups (K) used in the estimation. The results are shown in
tables 4 and 5.

Next, we replace the MA(1) specification of the transitory income component
with an AR(1) specification and repeat the estimation for different values of K. Ta-
bles 6 and 7 present the results. Because this modification does not affect the first
stage of the estimation procedure, the composition of each firm group remains un-

changed for a given K. The estimated group-specific variances differ because they
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now depend on the estimated AR(1) coefficient ¢ and the innovation variance o2.
Compared with the MA(1) specification, the AR(1) specification yields a higher
estimated transitory shock variance and a lower estimated permanent shock vari-
ance. The changes are relatively modest: the former increases from 0.010 to 0.012,
while the latter decreases from 0.0068 to 0.0057.

Finally, because the model is estimated using income differences, factors as-
sumed to have time-invariant effects on income levels, such as individual ability or
educational attainment, are differenced out. Education-specific income trends can
be accommodated by including education indicators in equation (1). Tables 8, 9,
and 10 present the results of this specification. The estimated common parameters
change negligibly, while the estimated group-specific variances in the three-group

model change modestly.

Baseline model =~ Two Groups  Three Groups  Five Groups  Ten Groups

o2 0.0102 0.0102 0.0103 0.0103 0.0103
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

o} 0.0068 0.0068 0.0067 0.0067 0.0066
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

0 0.190 0.190 0.190 0.190 0.191
(0.004) (0.004) (0.004) (0.004) (0.004)

o2 - 0.0000 0.0000 0.0001 0.0001
(0.0000) (0.0000) (0.0000) (0.0000)

o2 - 0.0067 0.0066 0.0066 0.0065
(0.0001) (0.0001) (0.0001) (0.0001)

Table 4: Common parameters (MA(1))

55



Three Groups Five Groups Ten Groups
Group o2 bk Th o? Lok T o? ke Tk
1 0.0171 —0.0118 0.146 0.0300 —0.0157 0.059 0.0300 —0.0311 0.012
(0.0005)  (0.0004)  (0.001)  (0.0010)  (0.0007)  (0.001)  (0.0022)  (0.0016)  (0.000)
2 0.0012 —0.0013 0.616 0.0007 —0.0060 0.341 —0.0009 —0.0176 0.026
(0.0002)  (0.0001)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0009)  (0.0007)  (0.001)
3 0.0143 0.0106 0.238 0.0102 0.0025 0.317 0.0024 —0.0071 0.170
(0.0004)  (0.0003)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0004)  (0.0003)  (0.001)
4 - - - 0.0003 0.0049 0.243 0.0200 —0.0063 0.091
(0.0003)  (0.0002)  (0.002)  (0.0007)  (0.0004)  (0.001)
5 - - - 0.0311 0.0246 0.040 —0.0019 —0.0020 0.166
(0.0013)  (0.0009)  (0.001)  (0.0004)  (0.0002)  (0.002)
6 - - - - - - 0.0037 0.0009 0.293
(0.0003)  (0.0002)  (0.002)
7 - - - - - - 0.0577 —0.0030 0.014
(0.0027)  (0.0016)  (0.000)
8 - - - - - - 0.0155 0.0094 0.112
(0.0006)  (0.0004)  (0.001)
9 - - - - - - 0.0009 0.0103 0.100
(0.0005)  (0.0004)  (0.001)
10 - - - - - - 0.0330 0.0361 0.017
(0.0019)  (0.0015)  (0.000)
Table 5: Group-specific parameters (MA(1))
Baseline model =~ Two Groups  Three Groups  Five Groups  Ten Groups
U? 0.0116 0.0117 0.0118 0.0118 0.0118
(0.0002) (0.0002) (0.0002) (0.0002) (0.0002)
ag 0.0057 0.0056 0.0055 0.0055 0.0054
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)
o) 0.268 0.269 0.271 0.272 0.273
(0.006) (0.006) (0.007) (0.006) (0.006)
UZ - 0.0000 0.0000 0.0001 0.0001
(0.0000) (0.0000) (0.0000) (0.0000)
05 - 0.0056 0.0055 0.0054 0.0054
(0.0001) (0.0001) (0.0001) (0.0001)

Table 6: Common parameters (AR(1))
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Three Groups Five Groups Ten Groups
Group i 4k T oh Fik Tk i 11k T,
1 0.0159 —0.0118 0.146 0.0288 —0.0157 0.059 0.0289 —0.0311 0.012
(0.0005)  (0.0003)  (0.001)  (0.0011)  (0.0006)  (0.001)  (0.0021)  (0.0016)  (0.000)
2 0.0000 —0.0013 0.616 —0.0004 —0.0060 0.341 —0.0021 —0.0176 0.026
(0.0002)  (0.0001)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0009)  (0.0007)  (0.001)
3 0.0131 0.0106 0.238 0.0091 0.0025 0.317 0.0013 —0.0071 0.170
(0.0004)  (0.0003)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0004)  (0.0003)  (0.001)
4 - - - —0.0008 0.0049 0.243 0.0189 —0.0063 0.091
(0.0003)  (0.0002)  (0.002)  (0.0007)  (0.0005)  (0.001)
5 - - - 0.0300 0.0246 0.040 —0.0031 —0.0020 0.166
(0.0013)  (0.0009)  (0.001)  (0.0004)  (0.0002)  (0.002)
6 - - - - - - 0.0025 0.0009 0.293
(0.0003)  (0.0002)  (0.002)
7 - - - - - - 0.0566 —0.0030 0.014
(0.0027)  (0.0016)  (0.000)
8 - - - - - - 0.0143 0.0094 0.112
(0.0006)  (0.0004)  (0.001)
9 - - - - - - —0.0003 0.0103 0.100
(0.0005)  (0.0004)  (0.001)
10 - - - - - - 0.0319 0.0361 0.017
(0.0021)  (0.0016)  (0.000)
Table 7: Group-specific parameters (AR(1))
Baseline Income Process
Transitory Component, z; Permanent Component, p;
0 O'? ag
0.191 0.0103 0.0067
(0.004) (0.0001) (0.0001)
Extended Income Process
Transitory Component, z; Permanent Component, p;»
0 o2 02 = Ji + o2
0.191 0.0103 0.0066 0.0000 0.0066
(0.004) (0.0001) (0.0001) (0.0000)  (0.0001)
k Tk 125 Ji
1 0.688 —0.0022 0.0017
(0.002)  (0.0001) (0.0002)
2 0.312 0.0048 0.0175
(0.002)  (0.0002) (0.0003)

Table 8: Parameter estimates for a model with two classes (MA(1), controlling for

education)
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Baseline model = Two Groups  Three Groups  Five Groups  Ten Groups

o? 0.0103 0.0103 0.0103 0.0103 0.0103
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

o? 0.0067 0.0066 0.0066 0.0065 0.0065
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

0 0.191 0.191 0.191 0.191 0.192
(0.004) (0.004) (0.004) (0.004) (0.004)

o - 0.0000 0.0000 0.0000 0.0001
(0.0000) (0.0000) (0.0000) (0.0000)

o2 - 0.0066 0.0065 0.0065 0.0064
(0.0001) (0.0001) (0.0001) (0.0001)

Table 9: Common parameters (MA(1), controlling for education)

Three Groups Five Groups Ten Groups
Group ol Ui T ol 1k T o} Ik T

1 0.0120 —0.0101 0.188 0.0345 —0.0132 0.053 0.0125 —0.0235 0.024
(0.0004)  (0.0003)  (0.001)  (0.0011)  (0.0007)  (0.001)  (0.0012)  (0.0009)  (0.000)

2 0.0007 —0.0001 0.570 0.0023 —0.0067 0.291 —0.0036  —0.0091 0.047
(0.0002)  (0.0001)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0006)  (0.0005)  (0.001)

3 0.0161 0.0081 0.241 —0.0004 0.0020 0.303 0.0561 —0.0107 0.016
(0.0004)  (0.0003)  (0.002)  (0.0003)  (0.0002)  (0.002)  (0.0025)  (0.0015)  (0.000)

4 - - - 0.0097 0.0037 0.318 0.0028 —0.0047 0.252
(0.0003)  (0.0002)  (0.002)  (0.0003)  (0.0002)  (0.002)

5 - - - 0.0295 0.0244 0.035 0.0196 —0.0032 0.110
(0.0013)  (0.0010)  (0.001)  (0.0006)  (0.0004)  (0.001)

6 - - - - - - —0.0011 0.0005 0.199
(0.0004)  (0.0002)  (0.002)

7 - - - - - - 0.0052 0.0036 0.220
(0.0003)  (0.0002)  (0.002)

8 - - - - - - 0.0007 0.0109 0.059
(0.0006)  (0.0005)  (0.001)

9 - - - - - - 0.0189 0.0131 0.066
(0.0008)  (0.0006)  (0.001)

10 - - - - - - 0.0461 0.0418 0.007
(0.0033)  (0.0027)  (0.000)

Table 10: Group-specific parameters (MA(1), controlling for education)
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C Firm groups and observable characteristics

The model treats firm types as latent, and the estimated firm groups serve as em-
pirical proxies for these types. To assess how well observable firm characteristics
predict membership in the estimated groups, we conduct an out-of-sample pre-
diction experiment using a logit model.® We randomly split the model sample
into training and validation samples, fit the logit model to the training sample,
and evaluate its predictions of group membership in the validation sample. Moti-
vated by evidence linking wage growth to coworker pay (Jarosch et al., 2021) and
skill growth to firm size (Arellano-Bover, 2022), we use mean employee wages,
the share of university-educated employees, turnover, the number of employees,
industry, and region as predictors.

For the two-group specification, the logit model predicts group membership
correctly for 63% of observations in the validation sample, with an AUC of 0.67.
These results suggest that observable firm characteristics have limited predictive
power and do not closely reproduce the estimated grouping.” Most coefficients are
not statistically significant. The coefficient on the number of employees is signif-
icant at the 5% level. Firms in certain industries (e.g., construction and activities
auxiliary to financial intermediation) are more likely to belong to the group with
the higher variance, whereas firms in some regions are more likely to belong to the
group with the lower variance.

We also estimate probabilities of transitions between firm groups conditional
on the previous employer’s group, age, and university education. For individuals
aged 35 or 50, with or without a university degree, predicted transition probabil-
ities range from 2.3% to 2.4% for transitions from group 1 to group 2 and from
4.8% to 5.2% for transitions in the reverse direction. The coefficient on age is statis-
tically significant at the 1% level, whereas the coefficient on university education
is not. However, the predicted transition probabilities vary negligibly with either
characteristic. Together, these findings do not support replacing the estimated firm

groups with observed firm or individual characteristics in the model.

8Details of the methods and results are available upon request.
Results from multinomial logit models with three or more groups are similar: prediction accu-
racy is only slightly higher than that achievable by random guessing.
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D Alternative Measure of Income

This appendix considers disposable income as an alternative income measure in
the model estimation. Changes in disposable income may be more relevant to
economic behavior than changes in salary earnings alone because disposable in-
come more closely reflects the resources available for consumption and saving.
Estimating the model using this measure may therefore improve its usefulness for
analyzing economic decisions.

The disposable income measure provided by Statistics Finland includes salary,
entrepreneurial income, capital income, and transfers, net of taxes and other levies.
Because our estimation dataset excludes entrepreneurs, its main differences from
the salary measure arise from direct taxes and income transfers. In some cases, cap-
ital income may include earnings related to an individual’s employment. Under
the Finnish tax system, however, stock-based compensation, such as stock options,
is generally taxed as labor income. Because other income sources and deductions
are unlikely to be related to the employer, we continue to estimate the firm classes
using employer-paid gross salaries, consistent with the approach used for the main
results.

Table 11 presents the resulting estimates.'” Using disposable income as the
dependent variable reduces the estimated variances of both permanent and tran-
sitory shocks. This result is consistent with the income-smoothing effects of high
marginal tax rates and substantial income transfers. However, the relative differ-
ence between the class-specific variances of permanent income shocks becomes

even more pronounced.

0Detailed results for larger numbers of groups are available upon request.
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Benchmark Income Process

Transitory Component, z Permanent Component, p;
0 03 0'2
0.095 0.0074 0.0043
(0.007) (0.0002) (0.0001)
Extended Income Process
Transitory Component, z; Permanent Component, p;»

0 o? ag = aﬁ + o2
0.095 0.0074 0.0043 0.0000 0.0043
(0.007) (0.0002) (0.0001) (0.0000)  (0.0001)

k Tk 125 0']%

1 0.668  —0.0023  0.0007
(0.002)  (0.0001)  (0.0002)

2 0.332 0.0047 0.0114

(0.002)  (0.0002) (0.0004)

Table 11: Estimates using the disposable income variable
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